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Abstract

In digital systems operating at very high bitrate, analog filters must be used in the baseband. A mismatch
between the in-phase (I) and in-quadrature (Q) paths may occur. Theoretical analysis shows that the mismatch
can be represented by a unique mismatch transfer function, in which the effects of the mismatch in the
transmitter and receiver side add up; results are reported on the mismatch produced by the inaccuracy of the
poles position of RLC Butterworth filters. In addition, the effect of phase noise on the system performance is
evaluated.

Introduction

In digital systems operating at very high bitrate, the baseband shape must be realized by analog filters; a filter
mismatch problem arises in the in-phase (I) and in-quadrature (Q) paths. The aim of the present paper is to
extend the analysis of a previous paper [1] which examined the mismatch of the analog filters, and phases of the
carriers, in the I and Q paths of the transmitter. The present analysis includes the receiver and the effects of the
phase noise introduced by local oscillators. In section 1, the performance of a QDCPSK-OFDM system is
summarized. In the section 2, the SNR worsening due to the TX and RX mismatch is evaluated. The mismatch
can be originated by an inaccuracy in the position of the poles: Butterwoorth filters are considered in section 3.
Phase noise originated in the local oscillators cause degradation of system performance. Previous investigators
analyzed the effect of phase noise on OFDM systems ([3], [4]). In the present paper, a full-digital QDCPSK-
OFDM system is considered. The impact of phase noise is theoretically analysed, and the SNR worsening is
evaluated in section 4. In section 5, quantitative results for some phase noise spectra are presented, and
compared with simulations results in order to validate the theorical analysis. Finally, section 6 contains the
conclusions.

Section I - Performance evaluation of a QDCPSK OFDM system.

Figure 1 depicts the block diagram of a DCQPSK/OFDM modem; N is the dimension of the FFT and IFFT
processors (N=512 in the MEDIAN project); M;+M>+1 = N,, is the number of used subcarriers (M, M, is the
number of subcarriers at frequencies below and above the system carrier respectively, with frequency spacing
Af=1/T,), {p-M1 oo Poreos p“_?} and {q_MI_, R P qu}, lq=Ipj|=1, are the constellat‘ion points, before and

after the differential encoder, each point pj, from -M; to M, carrying a two-bit data symbol; B=N-4f is the
frequency of the system clock; 7' = T,+Tg is the OFDM symbol duration, where 7y is the guard time; yA1) is the
phase noise with a power spectral density N (f); n(¢) is the low-pass equivalent of the thermal noise modeled as a
complex gaussian process, with two-side spectral power density 4V, where &, represent the RF two-side spectral

density. The Signal to Noise Ratio is SNR = Pg/2 N, f;, where Py is the received power and f; is the effective on
air symbol rate.
With reference to figs.1 and 2, define:

Geri(f) = (sinafT[af)- H 3y (f) =G yyy (—f): BB TX transfer function of the I path
Gpro(f) = (sinafT [nf) - Hyy(f)= G,'”Q(—f) : BB TX transfer function of the Q path
Hpprif) = H;nu (=f) : BB TR filter in the I path  Hpro(f) = H;,RQ(—f) : BB TR filter in Q path

¢ : phase mismatch between the TX I and Q carriers €: phase mismatch between the RX [ and Q carriers
H(f): low-pass equivalent transfer function of the IF and RF sections of the transmitter, channel and receiver.

¥ : precorrection factor which multiplies int ¢, to produce the on-air amplitude ¢, (i.e. ¢ = @ yin) Of fi = k A

From the precorrected {c,,}, the S/P converter generates N complex Dy, k = 0,..,N-1, which the IFIFT processor
uses to generate a periodic complex sequence dy, where:
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In absence of a mismatch, one has:

Gpri(f) = Gero(f) = Gpr(f) Hpri(f) = Hpro(f) = Hpr(f) ¢=0=0 (1
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Figure 1 Block diagram of an OFDM modem. Figure 2 Block diagram of the baseband equivalent of the
analog TX/RX connection.

and the relationship between the transmitted and the received m-th constellation point p, is

pr:1 =Pm '[G(:(fm—l /4 :n—l “Go () m] =P Pm (2)

where: G, (/)= Ggr(/)-H(/)-Hpp(f) 3)
i.e., the presence of the TX and RX filters produce a multiplicative (complex) bias which can be totally removed

by using a precorrection factor [i.e.: % = 1/Go(fin)] before the IFFT processor ( the bias produced by the channel
transfer function H(f) cannot be removed by the precorrection factors). The BER is given by:

1 3 SNR
BER = —erfc — 4
2 e’.ﬂ {))} ’v 4 » (I + Tg /T(J) ( )

Section IT — Effects of a TX-RX mismatch

Figure 2 shows the TX and RX; {d_,\.g ..... dy_y} is splitted into {l_,\,-g ..... Iy} and {Q_,\~g,...,QN_,} which are

separately D to A converted, filtered and cos/sin modulated. The input to the first IF-TX filter is:
s(t)=5,.(t)-cosQr  fr:0)—s,(1)-sinQ2r  fipt+@)=s,(t)-cosQr  fy:0)=s5yt) sinQr fi:0)
51 (0)= 5. () - sing -5, (1) 5)
sp(t)=cosg-s,(1)

s.(1) = Zk-_N Iy gpy (t—k/B) ggp (1) = Gy (f)
se(t)= Zk__,v Ok " 8prpt—k/B) mQ(f)@GBTQ(f)

Its complex envelope is s(t)=s,(t)+jso(t) & S(f). Let w() = w()+Hjws(r) = W.(f)+ jW,(f) indicate the
complex envelope of the output of the receiver IF filter. One has:

"z(.f>=i{[cn(f>+c;-,(—f)]~Zf;_‘N e P | Gro(DN=Gro-1) Xy, Qk‘e"ﬂ”f“"} ©)

W)= {[Gn(f) Gr-D} 0 1w G 1)+ G-} BT g ()

Gn(f)=Gm'1(f)' H(f)

where: ié (®)
Grp(N)=e'" -Gy ())-H(S)

After demodulation and LP filtering, the Fourier Transform of the I and Q components y.(?) and ys(1) is:
YO =w () hpp ()= Y (=W () Hpp; (f)
y o (0) = [, () 050 = w () 5inO) hyno (1) 5 ¥ () = H oo (f)-[W, (1) -cos0 =W (f)-sin0] (9
V() =Y, () IV () = WD) [H o () = H g (1) sinOL jW () H g (1) 050
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and, defining:

(61 s Gttt g1 6340~ Gig [t -t ]
2

G- : : 2
‘ ‘ )+e (10)
~ [(’II(/) + ('1(,(/)] [",;R(/) +e ”m(d./)]
= > :
()= Grp(f e y Fra(~ (=T 0 .
T i 2"’0‘/’”"”'"”’ * ”2 o] [Gint f);(/g( N[ : o)) .
one obtains:
)r(‘f)=G”(,/')Zf'="_'N ¢l +K)")'e_m“/”+('}(f)2f:_l,v (1= jQ)-e 1 -
o 2 (12)
=GP, D g ) 50 o)
where: !
H.(f)= G.(f) _ [G"(f)—G"C’(f)]'lll""’(/)+e_m”””(’(f)]+[G""(_f)+G';'Q(‘f)]'[”mu(/)—e’”ll/:/e()(/')
L e [G”(D+ Gm(/)]'["""”(f)* e_’io”nkg(f)] (13)
J

[”/fm(/) - "m”//”Q(/)] N J;”’"”(f) ~ e’”ll,,,((,(/‘)J ") H,p (f)+ H,z(f)
_ ' =H,r + 1,
l”lm(f)+ 0'¢”HBQ(f)] [”"R’(f) ¥ e-'m””"’(’(f)] e 7 R

Eq.(13) shows that the transmitter and the receiver mismatches contribute to Ho(f) in an additive form; in
particular, the contribution to H,(f) of the transmitter mismatch is given by:

Her (/)= Hury ()= " Wy oOD] [ B () + ¢ ) (14)
and the similar contribution due to the receiver is:
Hon(f) = [”lml(f)— L"U”/;Rg(f)] 1['(_/) N ["mu(/)— ﬂ””ll,,kQ(f)]
‘ ["I!RI(/)+U—’()’IHRQ(/)I HH [”mu(f)+L'“I””/m()(./')]
(the last approximation holds in the case of arithmetic symmetry for H(/), i.c. H(f) = H*(-))).

(15)

45 .
log10 BER | ] T ] T
‘ . | {
—o--3 || |
35 1
EJ vl I ]
¥ 2s o | l
£ 2, . ) .
£ 3
e | e
: '
s .
2]
1
05
0 I ]
-30 -28 -26 24 22 -20 18 16 14
a (dB)

nomalizal trapiei y

Figure 3. SNR worsening versus a (dB), for different Figure 4. Behavior of adgp maximum over 100

values of log,,(BER). realizations, for different values of number of poles
and of the maxinnum error e in poles position. The 1
and Q filters are of Butterwoorth type.

Comparing eq.(12) with the eq.(14) of ref.[1], shows that the received signals have the same analytical form but
a different definition of I1,; therefore, the considerations carried from (14) of ref.[1] also hold in the present
case. In particular, in case of perfect precorrection, the BER can be obtained by averaging the following
equation:

BERISY 3 ) = 0l )+ erfe(z,.) (16)
zl?li ——_M——_ [I t ﬁam (COS Vo tCOS gm )]2 ay = Illc (fm )l

40+71,/T,)
over y,, and ¢, which can be assumed as random variables uniformly distributed over 0-2n. Figure 3, shows

the SNR worsening due to the presence of the 1-Q mismatch, represented by the value of a(dB) = |71,(f)| and for
different BER, evaluated in absence of mismatch. Observe that the worsening depends on |H(/)|, and not on the
phase. For example, if' a maximum worsening of 2 dB for BER = 107 can be accepted, fig.1 shows that the
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maximum a value is -18 dB. Note that mismatch effects at TX and RX sides, eq.(13), are separable; therefore, if
a maximum overall value for a is given, the maximum mismatch is in the worst case: |H,;(/)|+|H (/)| <a.

Scection I — Mismatch due to poles position inaccuracy: a case study

In many practical situations a BB filter is defined by its zeros z;, z3,.. and poles p;, p2,... However, if the
components inaccuracy is taken into account, the real transfer function of the filter is:

H(jzﬂ‘zi -&;)

[1G27 -2, -n)

which produces a mismatch function given by:
H n

H,(f)= p(f58m) -y ([ ’7)

Hy (fie,m+Hp (f36',7)

Figure 4 shows the maximum of a g(f) over 100 realizations of a Butterworth low-pass filter with poles

allocation affected by random errors uniformly distributed between +/- e, as a function of the normalized
frequency, with parameters e, and number of poles. Figure 4 can be combined with Fig. 3. For example, if a 7-

pole Butterwoorth with cut-off frequency equal to 0.8 N 4f72 is used in the TX or RX side, and a worsening of 1

Hy, ()= = ”llm-(f;é‘, m) (17

a(f)-e’’P (18)

dB on SNR is imposed for P, = 10'5. a value a = -21 dB is required; therefore, it appears that a maximum
position error of about 0.5% can be tolerated. If the same filter is present on both sides, each side must
contribute for a = -27 dB, and a maximum position error of 0.2 % must be imposed.

Section IV — System analysis in the presence of phase noise

LO [kl f[al |fl |k2 a2 (2 |k3 a3 |3
1 Nk, /7 # kHz kHz MHz
2 |4e-5112 (10 |1.5e-7 [ 0.6 | 100 |1.5e-4 [1.2 |1125

:I/i Hz

\k/ju, 1 le-2 |15 |10 | le-6 0.5 [ 100 | le-6 0.5 | 1125

‘ \\k,/j"' !

Table 1. Phase noise spectra of two different local
oscillators

log,of; logyo /> logyo/ |ngB/2

Figure 5. One-sided power spectrum of the phase noise.

In the present section, apart from thermal and phase noise, the connection IFFT-FFT is supposed ideal, so that
the complex envelope ofthe received signal, during the current OFDM symbol, is given by:

v =" Z dkgn——)+nm (19)
k==Ng
where »(1) is the thermal noise, (1) is the phase noise, g(¢)=sen(mB)/(#xtB) and:
N-1 ol
dk = IFFT{DIII}z z Dme N :
m=()
The received signal is sampled to obtain N+N, samples from which the prefix is removed; the remaining N

samples are FFT transformed to compute an estimate of the transmitted constellation point, given by

A ]/» I g -jat -,,_"' ] N=IN- ok ¥ Nl e
< 7 y ¢ 2 7
Dn y(—)e N = Z(de"’"+n e ZZDeV‘e Ne  N4e—S e N=
N ko B N > Nm 0 k=0 N =0
] N=I P fuuse
/w - N - 7 ”
Z Dm(_ e )+ Vip = Z m m-h TV = Dh'{l) +Ep vy (20)
m=() k 0 m=()
Bal el
where ¥, =— ) e¢/"e' VN and ¢, = ZD,,, .

N k=0 m=0,m#h
As a result, from (20), the estimate of Dy, is affected by a complex multiplicative bias ¥, by thermal noise 1y,

and by Cosymbol Interference (CSI) ¢,. The CSI coefficients Y% are periodic with period N, since they are the
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7

FFT of e’¥* ; they are random, thus ¢, is a zero mean complex gaussian random variable. Indeed, o, depends

upon the symbol detected: unused carriers do not contribute to CSI. Consequently, symbols transmitted on the
left or right-most carrier experience half of the CSI experienced by a symbol transmitted on the central carrier;
the worst case variance for &, assuming N,/2 used subcarriers above the central frequency and N,/2 used
subcarrier below, and that the Dy are independent, is thus:

2= 1,{,,,6,,} Z1;{11‘,1)_‘,,}5{'/;?/,,‘}: i /7r{11 (1)
hk=0 :;’—’N /2

Phase noise adds the CSI component to the thermal noise, and, through the multiplicative bias ¥)=¥e'?

weakens (as it results £ ¥7<[) and rotates the received point estimate by y rad. The final differential decoder
compensates the phase rotation, but doubles the additive noise variance and squares the multiplicative bias; the
BER can be approximated as:

(22)

+N
where the thermal noise variance is linked to the system SNR by af =——2%  The SNR worsening, defined as

ok

the increase of the SNR which compensates the presence of phase noise is given (in dB) by
W=-10- log([f{‘lly % (rf /cr,'?) and can be computed from E{://}, (15 , and SNR.

Section V — Impact of phase noise on system performance

The phase sequence y is obtained by sampling the phase signal y(2) with a sampling frequency B: therefore, we
can consider its aliased power spectrum as band-limited between -8/2 and B/2. Usually (c.g. [2]. sec.10), the
two-sided power spectrum N (f) of the phase noise y(1), is approximated by a piece-wise linear function (see
Fig.5) in the log-log domain:

YRRV
kU1 1 <11< 1, -

kAN 1 << 5
fis|f|sB/2

N(f)=

In order to simplify the analysis, the phase noise is represented by y(1) = ¢(1) + ¢(t), where ¢(1) is a member of a
stationary process with white spectral density (the grey background in Fig.5) and ¢(1) is a member of a narrow-
band, slowly time varying, non-stationary process, with infinite power (for k;> /), due to its spectral singularity
at /= 0. In addition, the two processes are supposed to be independent, and the effects of the two components on
the system performance are separately investigated.

We consider first the effect of the white component, for which closed form results can be obtained, by assuming
that ¢(z)<<1, and that ¢(1) is symmetrically distributed around 0. Let us indicate with P4 the power of ¢(1) and
with

. h 2
el )o gl b A P )
my E{‘ r{’z i = EJI1+ jg, 5 =] — / =1 2k413 (24)
the mean value of ¢ /% The samples of ¢(1) are uncorrelated, thus:
k=N, k=N, /2 k(m-n) k=N /2 S kom S kn
/ )2 i / - — = N iR —=
cr;.7 = [{‘{ } — Z ZZI{LM g% }' A L Z I+m¢;’c A Zc M=
k~~/\' IV- =N, 72 m n N k=-N,/2m nem
k=0 L:U k=0
I *=% Ny 2 Ny o, Nll
:F Z Z(Ivmv,)— T ==={\l=nily JE =P = k,B
=-N,/2m

k0
and:
1 N=

Elr )= Efp|)= ¢ {N Ze”‘"

k=0
In Figure 6, the worsening W is plotted as a function of the SNR for 4 different values of k,: -90, -93, -100 and
-110 dBc¢/Hz; the curves are obtained using the previous results for the MEDIAN case of N = 512, Ng =88

/ N-1
= —ﬁﬁ{ Zcos(y/,‘ )} =my

k=0



(inclusive of the postamble), N, = 286 and B=225 Mhz. The data points near the curves are obtained
experimentally, using a simulator of the overall system. From the figure we see that the agreement between
theoretical and experimental values is good as long as the worsening is moderate. For high values of the
worsening the theoretical analysis departs more than 1 dB from the practice. Also we see that a value of ky<-110
dBc is adequate to ensure negligible performance worsening.

Worsening vs. SNR Worsening vs. SNR

W (dB)

SNR (dB) SNR (dB)

Figure 6 Worsening vs. SNR for different values of k. Figure 7 Worsening vs. SNR for LOI.

The effects of the second component are evaluated by measuring 052 and E{ ¥}, based on the assumption that

¢(1) is gaussian. To this end, a sequence of M independent samples is generated and FFT filtered (with a zero
value for f = 0), according to the low-pass component of the spectrum represented in Fig.5. The resulting
sequence is segmented into M/N groups of N samples; for each group the CSI coefficients are computed by
performing a FFT; the sum of the squared CSI coefficients is evaluated according to (21), together with the

value of ¥, the variance 0'52 and E{ ¥} are estimated as the mean of these values over all the groups, and used to
evaluate the SNR worsening. It is to be noted that, in the frequency domain, the spectrum of the phase noise is
sampled with the spacing B/M Hz. This procedure has been carried out (with M=2"%) using two different phase
noise spectrum models, candidate for use in the MEDIAN system, reported in table 1, indicated as LOI and
LO2. The worsening introduced by LO2 is negligible (and this was confirmed by simulations), while LOI
significantly affects the performance: fig.7 plots the theoretical SNR worsening curve obtained for LOI,
together with data points obtained by simulation; a maximum difference of 0.3 dB exists between theoretical and
simulated results.

Section VI — Conclusions

The present paper presents a complete analysis of analogue filters mismatch both at the transmitter and at the
receiver side. Results extend a previous analysis reported in [1].

In addition, the effects of phase noise on QDCPSK-OFDM systems was analyzed. A procedure was devised to
evaluate the effects of phase noise on the system SNR. Theoretical results were verified by simulations. The
analysis was applied to two oscillators types which are candidate for use in the MEDIAN system; they indicate
that only one of the two is suitable for adoption.
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