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Abstract. In digital communication modems in which a very high rate system clock is used, it is hecessary to use
analog base-band shaping filters in the inphase (I) and quadrature (Q) paths of the modulator. However, this type
of implementation inherently produces a mismatch of the | and Q paths. In the present paper, results of the analysis
of the transmitter (TX) 1/Q mismatch in an Orthogonal Frequency Division Multiplexing (OFDM) system with
Differential Coherent Quadrature Phase Shift Keying (DQPSK) modulation is presented. Theoretical analysis
shows that the Signal-to-Noise (SNR) degradation due to the I/Q mismatch can be represented by a mismatch
transfer function on the basis of which one can compute the maximum affordable amplitude and phase mismatch
of the TX filters transfer functions.
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1. Introduction

In Orthogonal Frequency Division Multiplexing (OFDM) systems [1, ch. 15] which use Dif-
ferential Quadrature Phase Shift Keying (DQPSK), the reference axis for each submodulator
in the frequency domain is derived from the phase of the previous (in frequency) submodu-
lator. This scheme is used in “burst mode” transmissions, in which previous (in time) OFDM
symbols can be used by different users. Such a specification characterizes the physical layer
of the MEDIAN system [2] under development in the MEDIAN project, which belongs to
the European Community ACTS program. The present work represents part of a larger inves-
tigation carried out at the University of Rome “La Sapienza” on the transmission aspects of
MEDIAN [3, 4]. MEDIAN is a system to be designed for multimedia communications in a
Wireless Local Area Network (WLAN); it operates in the 60 GHz band and uses data rates
up to 300 Mbits/sec. Due to this very high data-rate, analog base-band (BB) shaping filters
must be used on the inphase (l) and quadrature (Q) paths. The present paper analyzes the
degradation produced by the transmitter (TX) I-Q filters mismatch on system performance.
The above degradation is described by a mismatch transfer function from which one can
compute the maximum affordable amplitude and phase mismatch of the TX filters transfer
functions, as a function of a required system performance. The paper is organized as follows;
Section 2 describes the modem operations of a full-digital QPSK/OFDM modem. In Section 3,
the add-on necessary to realize a differential scheme (DQPSK/OFDM) are reported, and the
error probability is evaluated. In Section 4, the effects of the I/Q mismatch are examined on a
theoretical basis. Finally, Section 5 contains the application of the analysis, and Section 6 the
conclusions.

* This paper was presented in part at the 1996 ACTS Mobile Telecommunications Summit, Granada, Nov.
27-29, 1996.
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Figure 1. Block diagram of an OFDM modem.

2. Description of a QPSK-OFDM Modem

In Orthogonal Frequency Division Multiplex the different data sequences are first digitally
modulated and then frequency multiplexed. Each submodulator uses the same modulation
(QAM, PSK, etc.), the same symbol peridd the same rectangular data pulse, and cagies
bits/symbol. The carrier frequencies of the submodulators, called subcarriers, are spaced by
Af around the system carrier frequengy, moreover,7; must be greater thafi, = 1/Af,
and is usually written a$; = T, + T,. T, is a guard time which is introduced to cope with
defective symbol synchronization and multipath. Other important parameters of the OFDM
modem are the numbeéy of available subcarriers (a power of two) and the numigr=
M1, + M, < N of effectively used subcarrierdf is the number of subcarriers at frequencies
above the system carrig¥f, — 1 is the number of subcarriers below the system carrier). The
energy spectrum of an OFDM signal is roughly bandlimitedte= N - Af. The frequency
of the system clock is thuB. A full-digital implementation of the OFDM scheme, based on
the use of IFFT/FFT processors ([5, 6], Figure 1), produces a sequem¢eral, complex
samples for each OFDM symbaV, samples belong t@, while N, = T, - B samples form
the prefix. The above samples are Digital-To-Analog converted (DAC) modulated, and sent
over an analog connection. Figure 2 represents the BB equivalent of the overall connection, in
which the mismatch between the TX I-Q paths is highlighted. The analog filters are indicated
by Hgri(f) and Hgro(f), for the | and Q paths, respectively, whijerepresents the phase
error between the | and Q carriers.

In a QPSK-OFDM system, the complex envelope of the transmitted sig(al,is gen-
erated by an IFFT processor from a sequenc&Vpf< N constellation point§c_y,_1,.,
co.., ¢, }- The sequencée,, } is generated by a segmenter and differential encoder, from the
input binary data sequence (see Figure 1). Referring to Figure 2, the complex envelope of the
signal at the output of the DAC, and its Fourier Transform (FT) are given by

N-1 N-1

x(t)= Y di-rectt —k/B) and X(f)=8(f)- Y  di e ¥/, 1)

k=—N, k=—N,
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Figure 2. Block diagram of the baseband equivalent of the analog TX/RX connection.

where
|1 -1/2B<t<1/2B - __1lsin(zf/B)
rect) = { 0 elsewhere e B = B nf/B (2)
Cm 0 <m=< Ml

d, = IFFT of {D,,} periodic of periodN; D, =13 0 My <m<N-—-M, 3)
Ccn-n N—Mr<m<N-1

In the present section, the | and Q paths are supposed to be identical. Thus, one has

Hpr(f) = Heto(f) = He1(f) 4)

and¢, the phase mismatch between the channels, is zero.
Therefore, the received complex envelope after demodulation and filtering,and its
Fourier TransformY (f), are given by

N-1 N-1 ok
YOy =) di-gt—k/B) & Y()=G(f)- Y di-e’¥B, (5)
k=—N, k=—N,
where
1si B 1
g & G(f) = E% ‘Her(f) - Hr(f) - Hy(f) = ZGr(f) - Hr(f).  (6)

In (6), Hr (f) is the transfer function of the IF-RF TX filter, aridl; ( f) is the transfer function
of the low-pass receiving filten () is sampled at frequency = N - Af. If the duration of
g(t) is lower thanT,, it can be derived (see Appendix A) that theeth FFT output, i.e. an
estimate of the transmitted constellation paint is given by

¢, =Gr(m-Af)-Hr(m-Af) ¢y =B -Gm-Af)-¢,,, —My<m=< M.

Therefore, the estimate ef, is biased by a complex fact@®- G (m-Af). In a coherent scheme,
the amplitude of this factor may be irrelevant, while its phase may destroy the information.
As it is well known, this can be avoided by using a differentially coherent scheme.
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Figure 3. Block diagram of the differential co/decoder.

3. Error Probability in a DQPSK/OFDM System on the AWGN Channel

On the Additive White Gaussian Noise (AWGN) channel a complex zero-mean gaussian
processu(t), with two-sided power spectruy ( f) = 4N, is added to the complex envelope

of the received signaj(r), whereN, is the two-sided power density of the noise added to the
modulated signal. The noise produces an additive zero-mean gaussian complex noise sample
n, on each FFT output, with variance given by ([5])

V2 = = Py(m- Af) = ANolHa(fu) PAf 0

m

The data sequence is grouped into dibits and coded using QPSK, as shown in Figure 3, to
produce a sequen¢g, } which is then differentially encoded to generate a sequ@ngesuch
thatg’, _,-q,, = p,.. The elements of the sequer{gg} are points of an 8-phase constellation,

i.e. complex values which are equally-spaced and with unitary modulus. gadh then
multiplied by a precorrection factgr, = 1/Gr(f;) which equalizes the amplitude of each
subcarrier, to produce the transmitted constellation sequgneey,/Gr(fi). Therefore, the
received signal power, which is half the power of its complex envelope, is given by

1 & N,
Pr=3 Y InfIGr(fol == ®)

k=—M>
Finally, SNRindicates the ratio between the received power and the noise power in a frequency
band equal to the on-air symbol rate, which is given by

fs = Nu/Ts = Nu/[T0(1+ Tg/To)] = NuAf/(1+ Tg/To)-
From (8), one has

SNR=

Pr_ _atrm)—2 9
2Nofs_(+g/0)m' 9)
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If differential co/decoding is taken into account, the estimate of the transmitted constellation
point p,, is
Py =cpiaem = {Hy(fu-1) - qp_ 1+ HHR(fn) - g, + 1}
= H}(ﬁn—l) . HR(ﬁn) *Pm + HR(fm) qy n;:,_l + H;ke(fm—l) : q;kn_]_ ‘R, (10)
= PPy + Vi -

Equation (10) shows that the estimatepof is affected by an additive gaussian noise compo-
nentv,, and by a multiplicative biag,, = H%(fu—1) - Hr(fn) = b,, - ¢/%", as in a coherent
system. However, in the present cagg,is small since it is the phase difference Bz ( )
values computed at frequencies spaced\y Sincen,, andn,,_1 are independent and since
lg,,] = 1, the variance o#,, is, from (10)

02 = (|H(f)> + | Hg(fu-1)[%) - 4N, | H g (f,)I?Af.

Finally, sincep, = (£14 j)/+/2, the bit error rate on thexrth constellation point is (see
Appendix B)

1 1
Pm = ZerfC(Zn1+) + Zerfc(sz)

2 {bm(coswm + sing,,) }2 _ | Hg(fu-1)|* - (COSp, £ SiNg)* an
V20, BN, AS{IH R (fi) >+ [Hg(fin-1)|%}
(COSp,, + sing,)>  SNR- (COSp,, £ SiNg,,)?

16N, Af 414+ T,/T,)

4. Effect of LP Transmitter Filters Mismatch on the | and Q Paths

In Figure 2, the input sequence is represented by two real sequidpgaad{Q,} which are
D to A converted, filtered and cos/sin modulated. We indicate by

Gon(/) = S Hon (1) - Hr (1)
. (12)
sin(z f/B)
Gero(f) = Hero(f) - Hr(f)

B-nf/B

the equivalent low-pass filters of tieand Q paths, respectively, at the TX side. The RF signal
can be represented by

s(t) = sc(t) - COL2m ft) — s5(t) - SIN27 fpt + @) = 57(t) - COY2 fpt) — 50(t) - SIN27 f 1)
s1(t) = s.(t) — sing - s4(t)
sg(t) = cosg - ss(t) (13)
sc(t) = Z;ICV:_}Ng IrgeTI(t — k/B)
ss (1) = Z;iv;}Ng OrgaTQ(t —k/B)

or by the Fourier Transform of its complex envelagie) = s;(¢) + j - s ()

S(f) = Flsi () + jso(n)} =
1

N ) o B ) 14
Gei(f) Z;I{V:_lNg Le 17 TR 4 jel? Gpro( f) Z;I{V:_Ng Que /2 Ik/B (14)
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Define
B .
Gr(f) = E{GBTI(][) + ej¢GBTQ(f)}
; | (19
G.(f) = E{GBTI(f) - €]¢GBTQ(f)} .

Then

1 N-1 ' N-1 '
SUN) =5 6Gr(N) - D0 Ue+jQ0 e ZIMNELGo(f) - Y (U= jQu)-e /2P =

k=—Nyg k=—Nyg

N-1 N_1 (16)
= 1 Gr(f)- 2_ di - e 77IKB L G(f) - Z_ d*e—jZka/B}
B e k .
k=*Ng k=7Ng

Equation (16) shows that the I-Q TX mismatch adds a conjugate component to the transmit-
ted sequence. Therefore, theth outputs of the FFT processor due to the first and second
component in (16), are given by

cﬁ,(l) = HR(ﬁn) . GT(ﬁn) Cp = HR(fm) : GT(fm) VYm 4y (17)
c,/y\,(Q) = Hr(fu) Ge(fm) - ctm =Hr(fn) Ge(fm) - ij : qtm . (18)

Under the ideal choiéey, = 1/Gr(f) = y*, , and since the demodulation process is linear,
the m-th output is

. G.(fn)
A — A N — H ) - m . im
= Hr(fn) (@, + H(f) - q%,)
where
H, () = SN _ Genld) = e Ceraf) _ | i (20)

Gr(f)  Gen(f) +e/*Gero(f) ~

H.(f,) is called mismatch transfer function and is responsible for the interference induced
by the TX I-Q mismatch. As a matter of fadd.(f,,) = O if the mismatch is absetip = 0

and Gemi(f) = Ggro(f)). Moreover, Equation (19) shows that any TX mismatch causes
an additive error component on a transmitted constellation ggjntvhich depends upon
q*,, throughH,(f,). Note thatH.(f,) does not depend upon the IF-RF TX filters. After
differential decoding, in absence of noise and|#(f,,)| < 1, one has

Py =y gom = Hy(fn—DHR(fu)lqy, 1 + H;(fn-1) q_p_1} - (@ + He(f) - 4%,,}

21
= H*;q(fmfl)HR(fm){Pm +H.(fn) em+ H;k(fmfl) N} = ,Bum + oy, ( )

wheres,, = ¢ _,q*,, = ¢/> andn,, = q,,9_,,_1 = ¢/ with phase®,, and,, which take
8 different values, uniformly distributed along the round angle. Equation (21) shows that the
estimate ofp,, is affected by a multiplicative complex bigh, and by an additive complex

1 Note thaty N tazeizmnm/N — (- N-L gy pizenm/Nyx — px — px .

2 We have supposed that the IF/RF transmitting filters have arithmetic symmetry around the carrier frequency.
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Figure 4. SNR degradation versas(dB), for different values of logy(Bit Error Probability) evaluated @ = O.

biasa,,. By applying the same procedure as shown in Section 2, each bit-decisionrorththe
transmitted constellation point is affected by the following bit error probability

1 1
Pm (Wma é‘m) = Zerfc(zm—i-) + Zerfc(zm—)

SNR
2 = _— = [1+4+/2a,(cosw,, + C0OSi,)]?,
oy Al Tg/T(,)[ V2a,( + COS¢y)]

(22)

where

Wy = '&m + Um Cn = 9,,1 — Mm
am = |H (fu)| wm = Arg{H (f,)} (see Equation20)).

Finally, the mean error probability can be obtained by averaging (22)@yendc,,, which

can be assumed as random variables uniformly distributed over, @i2en the hypothesis on

0,, andd,,. Figure 4 shows the SNR degradation due to the presence of the mismatch between
the | and Q paths, represented by the corresponding valug ef aqg (dB) and for different
values of the error probability, evaluated fgg = 0. We conclude that, for example, if 1 dB
SNR degradation is accepted for each used subcarrier, the maximum valgaof23 dB.
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5. Applications

5.1. MAXIMUM AMPLITUDE/PHASE MISMATCH BETWEEN THEIN-PHASE AND IN
QUADRATURE FILTERS

The effect of the amplitude/phase mismatch between the inphase and quadrature LP trans-
mitter filters can be isolated by supposing the perfect orthogonality between che inphase and
quadrature carriers (i.@. = 0°). In this case, indicating by = |H.(f)|, one has, from (20):
1— Aagr(f) - e/2eeT()
a = - ~,
1 + AaBT(f) . e./A‘ﬂBT(f)
with
Aagt(f) = |GeTo(f)/GeTI(f)]
Agpr(f) = arg{Gerq(f)/Gen(/)}-
Figure 5 shows the area in tH&agg), A@@egree} Plane for which 20 logha < Agg. For
example, note that corresponding4gg = —23 dB, a maximum phase mismatch ¢fi8

possible only in the presence of perfect amplitude matchig-€ 0 dB); the phase mismatch
allowed is reduced to zero for an amplitude mismatch of 1.3 dB.

5.2. EFFECT OF THEPHASE ERROR¢ BETWEEN THEIN-PHASE AND IN-QUADRATURE
TRANSMITTER CARRIERS

The effect of a phase errgr between the inphase and quadrature transmitter carriers can be
isolated by supposinGsri(f) = Ggro(f). One obtains

1—e/?
ags = 20log,o |H . (f)| = 20log,

— . 23
14 ei® (23)
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Figure 6. Behavior ofagg versusy.

Figure 6 represents the behavioragg versuse. Figures 4 and 6 can be used jointly: when
a degradation of 1 dB on SNR is imposed @ BER108, it appears from Figure 4 that
a = —23 dB and from Figure 6 the maximum phase error must°be 8

6. Conclusions

In this paper, the effects of a mismatch between the | and Q transmitter paths in a DQPSK-
OFDM modem were examined. It was shown that the worsening effects of the mismatch can
be taken into account by a mismatch functi#éin( /), which must be limited for any accepted
SNR degradation. On the basis of theoretical considerations, the maximum amplitude/phase
mismatcth of the BB filters in the transmitter's LP paths and the maximum phase error of the
inphase and quadrature carriers were determined.

Future work will include mismatch effects on the receiver side.
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Appendix A

The sequencéd, is periodic of periodV: therefore, the signat, (¢):

x,(t)= Y du,(t —k/B) B=N/T,

k=—00
is periodic, with periodr,,, and its Fourier series is given by

oo
X, = ) Xp- /7
k=—00

(A.1)

1 ho .
I . ,—Jj2mrmBt —j2nkm/N __
X, = T/o X, (t) - e dt = § d e —B-D,,.

The signalx, (¢) is filtered by the transfer functloﬁ(f) and it is multiplied by a time window
w(r) to producex(¢) [see Equation (1)]

x(t) = w(r) - x,(r) * rect(r)
w(t)z{l ~T,<t<T,

0 elsewhere
Then, the signak (¢) is filtered byHg1(f) - Hr(f) - Hr(f) = H(f) < h(t), to produce
y(@) = fcf h(t) - x(t — ) - dt [see Equation (5)$ is the duration of the impulse response].
Finally, y(¢) is sampled at frequencB and FFT processed. We observe th@t) can be
interpreted as a sum (integral) of copiex@f), each delayed by and multiplied byk(t)-d<;
therefore, if the duratiod of k(z) is lower thanT,, in the previous integral the windowing of
x(t) can be obviously eliminated, andr) becomes periodic, with periaf),. We have

o
yoy= Y YNy, =B.D, - H(fy)

k=—00
and finally
1 N-1 N-1 oo
D = _ y(n/B) jZTmm/N Z Z Y, j2n(l<7m)~n/N —
N
n=0 n=0 k=—o0

(Q.E.D.)

00 N-1
Z ejZn(kfm)"l/N — Ym =B Dm . H(fm)
_ 0

=—00 n=

le—‘
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Appendix B

The values ofp can be written ap = e/%, § = +45°, £135. Thus, from (10)p) =
bnelEtem) 4y, and, on the real axis
b .
pé\m = Re{py/y\;} = Tmz(:t COSYy, + Sm(pm) + Vem s
wherev,,, is a gaussian noise component with zero mean and varigfy&
Therefore, the bit error probability on the real axis is the probability of the following two
mutually exclusive events

b
V2

b

V2

EY . v, > (cosg,, + sing,,) = x,,

E™: Ve > (cosg,, — Sing,,) = yu,
with probability

1 1 -
Prob{E*} = Eerfc{ } and Prob{E™} = Eerfc{yi}

Xm
V2(0,/V/?2) V2(0,/V2)

respectively. Therefore, the average bit error probability on the real axis is given by

P.,= %(Prob{E*} + Prob{(e™}).

Obviously, the same formula holds for the imaginary axis, which demonstrates Equation (11).
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